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The General Relativity affirms that any field is a source of gravitational field, thus one should affirm
that the energy of Cosmic Microwave Background (CMB) generated primordial gravitational waves.
The present article shows that a gravitational wave with dimensionless amplitude ∼ 10−5 and large
wave length ∼ 10 megaparsecs shifts temperature of CMB radiation about of a part in 105.
PACS numbers:
I. INTRODUCTION
The existence of the Cosmic Microwave Background
(CMB) provides crucial support for the hot Big Bang
cosmological model. The CMB visible today was once
in thermal equilibrium with the primordial plasma of the
early universe, when the universe at that time was highly
uniform. However, the universe could not have been per-
fectly uniform at that time or no structures would have
formed subsequently. The careful investigation of small
temperature and polarization fluctuations in the CMB,
reflecting small variation in density and velocity in the
early universe [1]. The temperature fluctuations in the
CMB are due to three effects: a change in the intrin-
sic temperature of radiation at a given point in space, a
Doppler shift if the radiation at a particular point is mov-
ing with respect to the observer and a difference in gravi-
tational potential between a particular point in space and
an observer [2–5] In addition to temperature fluctuations,
the CMB is polarized. The polarization fluctuations of
the CMB are expected to be significantly smaller than the
temperature fluctuations and there are two types of po-
larization: electric modes (E-modes) produced by scalar
perturbation from Thomson scattering [1] and magnetic
modes (B-modes) that were not produced from the pri-
mordial plasma alone and they are signal from cosmic
inflation and suggest the presence of gravitational waves
[2, 3, 6]. Thus, by analogy to CMB, there are of cos-
mological origin, a stochastic background of primordial
gravitational waves (PGW) produced in the early uni-
verse. The PGW is regarded as a strong evidence for the
inflationary models, which is directly related to the en-
ergy scale of inflation. They would carry informations on
the state of the very early universe and on high-energies
physics [7–10].
It is acceptable the opinion based on firm evidences
that CMB and PGW are directly related [11–17]. Also,
there are many possible processes during the very early
stages of the universe, including quantum fluctuations
during inflation, Inflaton field, bubble collisions in a first-
order phase transition, the decays of cosmic strings and
the processes that acted as seeds for galaxy formation
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would generate gravitational waves [7–10]. Should be
possible that in the very early universe the strong grav-
itational field interacting with electromagnetic field did
produce PGW and CMB at the same time? If we consider
that the CMB filling completely the space of our universe
is a possible source of gravitational waves that permeate
the cosmos, we should affirm that CMB and PGW are
tied. The General Relativity states that any amount of
energy is a source of gravity, so the energy of CMB is the
source of some gravitational field, and it is asserted in
Refs. [18, 19] that homogeneous pure radiation solutions
to the Einstein equations admit electromagnetic sources.
The subject of this work is to demonstrate that the en-
ergy density of CMB, although it is very small, would
generate contribution for stochastic background of grav-
itational waves of cosmological origin.
We assume spacetime with Lorentzian metric tensor
gµν , with signature (+−−−) [20, 21]. Lower case Greek
indices refer to coordinates of spacetime and take the
values 0, 1, 2, 3. The relation between the metric field gµν
and the material contents of spacetime is expressed by
Einstein’s field equation,
Gµν = Rµν − 1
2
gµνR = κTµν − Λgµν , (1)
Tµν being the stress-energy-momentum tensor, Λ is cos-
mological constant, Rµν the contract curvature tensor
(Ricci tensor) and R its trace. This paper employs SI
units with κ =
8πG
c4
.
II. GRAVITATIONAL WAVES
Gravitational waves produced in the early universe
would form a stochastic background which can span a
very wide range of frequencies. The intensity of a stochas-
tic gravitational wave background is characterized by the
dimensionless quantity
Ω(f) =
1
ρc
dρGW
d log f
(2)
where ρGW is the energy density of the gravitational
waves, f is the frequency and ρc is the critical energy
density for closing the universe. The critical density is
2given as a function of the present value of the Hubble
constant H0 such as ρc =
3c2H2
0
8piG . A particular gravi-
tational wave detector would measure the dimensionless
gravitational wave strain
hc ≈ 1.3× 10−20
√
Ω(f)h20
(
100 Hz
f
)
, (3)
where h0 is the rescaled Hubble constant, expected to lie
in the range 0.4 . h0 . 0.9. For example, for Ω(f) ∼
10−8 at a frequency of 100 Hz the strain in a gravitational
wave detector is hc ∼ 10−24 [9].
CMB data shows the observable universe to be nearly
flat [22–25]. The flatness of the observable universe re-
quires that a stochastic background of PGW have not
curved substantially the space. The first aim of this pa-
per is an adequate choice for gµν that can represent and
describe how PGW have connection with CMB with no
relevant change for large scale structure of spacetime. In
spite of this effort one can use exponential metric fields
[26],
gµν = e
Φηµν + sinhΦΥµν (4)
where Φ is the strength of gravitation that can be weighed
to match up to hc from (3) and therefore one could
require that Φ is a constant amplitude of PGW. The
ηµν = diag(1,−1,−1,−1) is the simplest empty space-
time: the Minkowski spacetime, the flat universal cover-
ing space for all such derived spaces [27]. The conformal
structure of Minkowski space is what one would regard
as the ‘normal’ behavior of a spacetime at infinity. The
Υµν is a tensor on a background Minkowski spacetime,
similar to deviation hµν from linearized version of general
relativity. But instead one has the infinitesimal condition
for |hµν | ≪ 1, it is accepted that the magnitude of Υµν
can be equal to the magnitude of empty flat spacetime
(|Υµν | ≈ |ηµν |). Moreover, it might be defined as an
important mathematical relationship among Υµν them-
selves,
ΥµνΥ
νρ = −2Υµρ. (5)
Thus, let us consider the simplest case of a monochro-
matic gravitational wave of one frequency ω = ckG
(where kG is the wave number) with amplitude Φ trav-
eling in the positive z-direction. So, one can impose re-
strictions to gµν , such as g00 = 1 and g33 = −1, so that
gab = −eΦδab + sinhΦΥab, (6)
with a = 1, 2 and b = 1, 2 whose tensor Υab can be
performed to produce circularly polarized gravitational
wave,
(Υab) =
(
1 + cos θG sin θG
sin θG 1− cos θG
)
(7)
obeying the identity (5) to which
ΥabΥ
bc = −2Υac (8)
is valid. The argument θG denotes the gravitational wave
moving in the positive z-direction such as θG = kG(z −
ct). Also, one can use
gab = −e−Φδab − sinhΦΥab (9)
for the evaluation the components of inverse of the ma-
trix (gab). Finally, the way that ends this reasoning is
expressing the covariant components of metric tensor as
gµν ⇒


g00 = 1
g11 = − coshΦ + sinhΦ cos θG
g12 = g21 = sinhΦ sin θG
g22 = − coshΦ− sinhΦ cos θG
g33 = −1
, (10)
and contravariant components of the metric tensor given
by
gµν ⇒


g00 = 1
g11 = − coshΦ− sinhΦ cos θG
g12 = g21 = − sinhΦ sin θG
g22 = − coshΦ + sinhΦ cos θG
g33 = −1
. (11)
An interesting observation is the spacetime of this circu-
larly polarized plane wave with volume element
√−gd4x
is the same of Minkowski spacetime. In this sense this
gravitational wave does not modify flatness of back-
ground Minkowski spacetime where this plane wave trav-
els onto.
For small deviations from flat spacetime where Φ≪ 1,
the components gab of metric tensor (6) should be de-
noted in the linear approximation as
gab ≈ (1− Φ)δab +ΦΥab = δab +Φ(Υab − δab), (12)
where the above equation allows rewrite gµν as
gµν = ηµν + h
TT
µν , (13)
with
(hTTµν ) = Φ


0 0 0 0
0 cos[kG(z − ct)] sin[(kG(z − ct)] 0
0 sin[(kG(z − ct)] − cos[(kG(z − ct)] 0
0 0 0 0


corresponding a weak gravitational field of a circularly
polarized plane gravitational wave propagating in the
z−direction in the TT gauge. The linearized gravita-
tional theory ignores the energy-momentum associated
with the gravitational wave itself [20]. To include this
contribution, and thereby go beyond the linearized the-
ory, one must modify field equations to read G
(1)
µν from
(13),
G(1)µν = κ
(
Tµν + T
(GW )
µν
)
, (14)
3where G
(1)
µν is the linearized Einstein tensor, Tµν is the
energy-momentum tensor of any matter or any field
present and T
(GW )
µν is the energy-momentum tensor of
gravitational field itself. However, one may expand be-
yond first order to obtain
Gµν = G
(1)
µν +G
(2)
µν + · · · = κTµν , (15)
where superscript in parentheses indicate the order of the
expansion in hµν , to suggest that with good approxima-
tion, one should make the identification
T (GW )µν = −κ−1G(2)µν . (16)
Thus, in this linearized theory, the energy-momentum
tensor can be written as
T (GW )µν =
c2
16πG
ω2GΦ
2Lµν , (17)
where
(Lµν) =


1 0 0 −1
0 0 0 0
0 0 0 0
−1 0 0 1

 , (18)
with the flux in the direction of propagation
F = cT
(GW )
00 =
c3
16πG
ω2GΦ
2. (19)
It is important to give special emphasis on the expo-
nential metric fields (6). Because of relationship among
Υab themselves (8), this tensor has structure limited in
the first order. So, the non-linearity of gµν is less hard, at
least in a tensorial description way. And differently from
linearized version of gravity we must use (10) in order to
obtain the effective components Rµν of the Ricci tensor
for any order
Rµν =
(kG)
2
2
sinh2Φ Lµν . (20)
The non-zero components of the Ricci tensor Rµν are
R00 = −R33, therefore one finds that the curvature scalar
results in R = gµνRµν = R
µ
µ = 0. So the components
of Einstein tensor are
Gµν =
ω2G
2c2
sinh2Φ Lµν , (21)
that satisfy the classification of homogeneous pure radi-
ation solutions given in Ref. [28].
One can expand Gµν in powers of Φ,
Gµν =
ω2G
2c2
(
Φ2 +
Φ4
3
+
2Φ6
45
+ · · ·
)
Lµν
= G(2)µν +G
(4)
µν +G
(6)
µν + · · · , (22)
to observe that G
(1)
µν = 0 (solution of the linearized field
equations in vacuum) and the others odd-orders are nulls.
The second-order of Gµν is
G(2)µν =
ω2G
2c2
Φ2Lµν , (23)
that results in T
(GW )
µν of the identification (17), one of the
terms that should compose energy-momentum tensor of
gravitational wave.
So, the effective result (21) obtained from metric field
(10) should be connected with material or radiation con-
tents of spacetime.
III. THE CONNECTION BETWEEN
ELECTROMAGNETIC RADIATION AND
PRIMORDIAL GRAVITATIONAL WAVES
In a general cosmology model the universe is assumed
to contain matter, radiation and the vacuum. One usu-
ally adopts the viewpoint that the cosmological fluid con-
sist of three components each with a different equation
of state. In this sense, one usually can affirm that the
large scale background is
Gµν = κ
(
T (matter)µν + T
(radiation)
µν
)
− Λgµν . (24)
For an amount empty space T
(matter)
µν = 0. One can
also observe that cosmological constant, Λ ∼ 10−53m−2,
must be fine-tuned to match the density of universe [20],
such as for an amount of the empty space is acceptable
to set Λ ≈ 0. There are various fields on space-time, such
as the electromagnet field, neutrino field, etc., including
gravitational waves which describes the radiation energy
density of the universe. It is worth noting that, to a
very good approximation, the dominant contribution to
the radiation energy density of the universe is due to the
photons of CMB which makes up a fraction of roughly
Ωrad,0 ≈ 5 × 10−5 of the total density of the universe
[20, 29]. In this case, we find that
T (radiation)µν = T
(ED)
µν , (25)
where T
(ED)
µν is electrodynamic stress-energy-momentum
for CMB.
Let us now consider that the CMB radiation is a source
of gravitational waves and, as in special relativity, one
can introduce a vector potential Aα of an electromagnetic
field tensor
Fαβ = ∇αAβ −∇βAα = ∂αAβ − ∂βAα, (26)
and one can derive the wave equation that governs the
vector potential in the vacuum, obtaining Maxwell’s
equation at vacuum
∇βFαβ = ∇β∇αAβ −∇β∇βAα +RαβAβ = 0. (27)
Adopting the standard approach of special relativity, im-
pose the Lorentz gauge condiction
∇βAβ = 1√−g∂β
(
Aβ
√−g) = 0 (28)
4that in this spacetime (10),
√−g = 1 and one can then
write
∂βA
β = 0, (29)
thereby bringing the wave equation (27) into the form
−∇β∇βAα +RαβAβ = 0. (30)
In situations where the spacetime scale of variation of
electromagnetic field is much smaller than that of the cur-
vature, one would expect to have solutions of Maxwell’s
equations of the form of a wave oscillating with nearly
constant amplitude, i.e., solutions of the form
Aα = Cαeiξ, (31)
where derivatives of Cα are small. Substituting above
equation into equation (30) and neglecting the small term
∇β∇βCα as well as the Ricci tensor term yields the con-
diction
∇βξ∇βξ = 0, (32)
i.e., we find that the surfaces of constant phase are null,
and thus (by the same argument as given for flat space
time) kα = ∇αξ is tangent to null geodesics. This sug-
gest that, in this ‘geometrical optics approximation’, light
travels on null geodesics [30].
After one has obtained a solution as (31), it is possible
to calculate electromagnetic field tensor with potential
vector Aα for the CMB radiation. The simplest elec-
tromagnetic field is that of a plane wave; so, the gauge
condiction (29) indicates that the potential vector prop-
agating on z-direction is given by
Aα =


0
a sin(θE + δ1)
b sin(θE + δ2)
0

 , (33)
where θE denotes the variable part of the phase factor,
i.e. θE = kE(z−ct), such as kE is the wave-length of elec-
tromagnetic wave, a and b are the maximum amplitudes
and δ1 and δ2 are arbitrary phases. In general, the above
optical field is elliptically polarized, but there are several
combinations of amplitude and phase: (i) if a = 0 (or
b = 0) we have linearly horizontal (or vertical) polarized
light; (ii) if a = b and δ2−δ1 = 0 (or δ2−δ1 = π) we have
linear polarized light; (iii) if a = b and δ2 − δ1 = ±π/2,
we have right/left circularly polarized light. So, it is nec-
essary to calculate Fαβ from expression (26), therefore
that Aα = gαβA
β with A0 = 0, A1 = g11A
1 + g12A
2,
A2 = g21A
1 + g22A
2 and A3 = 0. In fact, the term
RαβA
β in equation (30) is vanished by (20) and (18).
Thus, the only components non-vanish of Fαβ are,
F01 = F13 = −F10 = −F31
F02 = F23 = −F20 = −F32, (34)
with
F01 = ∂0A1 − ∂1A0 =
1
c
∂
∂t
(
g11A
1 + g12A
2
)
F01 = akE cos(θE + δ1) sinhΦ×[(
kE
kG
)
sin θG tan(θE + δ1)− cos θG + cothΦ
]
− bkE cos(θE + δ2) sinhΦ×[(
kG
kE
)
cos θG tan(θE + δ2) + sin θG
]
. (35)
The electromagnetic radiation of CMB has a Planck
blackbody spectrum with caracteristic frequency f0 =
5.7 × 1010Hz. One the most exciting prospect in the
study of the stochastic background of gravitational ra-
diation is the possibility of detecting gravitational radi-
ation produced at the very early epoch of the universe,
t ≈ 10−22 sec. At that early epoch with an energy of
order 10 MeV, the LIGO experiment would detect gravi-
tational radiation with frequency of order 100 Hz. Grav-
itational radiation produced at time of order t ≈ 10−14
sec after the Big Bang would have at the present day
frequency ≈ 10−2 Hz, that may be detected by LISA
experiment [8]. So, we do expect that primordial gravi-
tational waves have values kG ≪ kE ⇒ θG ≪ θE , such
that
cos(θE + δi) cos θG ≈ cos(θE + δi) and
cos(θE + δi) sin θG ≈ 0, (36)
where, one finally gets to F01 from (35),
F01 ≈ akE cos(θE + δ1)e−Φ. (37)
Also, one can calculate F02 and gets
F02 ≈ bkE cos(θE + δ2)eΦ. (38)
So, the result to electromagnetic field-strength tensor
Fαβ is
(Fαβ) =


0 F01 F02 0
−F01 0 0 F01
F02 0 0 F02
0 −F01 −F02 0

 (39)
The stress-energy-momentum tensor of electromagnetic
field is given by (in SI units [20]),
T (ED)µν =
1
µ0
gαβFµαFβν − 1
4µ0
gµνFαβF
αβ , (40)
where the constant µ0 is the permeability of free space.
This stress-energy-momentum tensor acts as the source of
gravity in Einstein’s field equation. It therefore plays an
important part in any attempt to model the dynamics in-
volving the gravitational field coupled to electromagnetic
field.
One can calculate gαβFβν = F
α
ν and finds that
(Fαν) =


0 F01 F02 0
−g11F01 − g
12F02 0 0 g
11F01 + g
12F02
−g12F01 − g
22F02 0 0 g
12F01 + g
22F02
0 F01 F02 0

 ,
(41)
5and so the first term of T
(ED)
µν becomes,
FµαF
α
ν = −
[
g11(F01)
2 − 2g12F01F02 + g22(F02)2
]
Lµν .
(42)
With contravariant components of the metric tensor,
gµν of (11) and the results of (36) one can find,
FµαF
α
ν ≈ k
2
E [a
2 cos2(θE + δ1)e
−Φ + b2 cos2(θE + δ2)e
Φ]Lµν .
(43)
Observe that the second term of T
(ED)
µν from (40)
vanishes, because it is proportional to FαβF
αβ that
is proportional to Lµνg
µν = 0. So the stress-energy-
momentum tensor of electromagnetic field is
T
(ED)
µν =
1
µ0
k
2
E[a
2 cos2(θE + δ1)e
−Φ+ b2 cos2(θE + δ2)e
Φ]Lµν .
(44)
Thus we can use the fact that averaged over several
wavelengths,
〈cos2(θE + δi)〉 = 1
2
, (45)
the energy-momentum tensor reads,
〈T (ED)µν 〉 =
k2E
2µ0
[a2e−Φ + b2eΦ]Lµν . (46)
Now, we may define:
a = A cos ǫ and
b = A sin ǫ, (47)
thus, the energy-momentum tensor is,
〈T (ED)µν 〉 =
k2EA2
2µ0
[coshΦ− cos(2ǫ) sinhΦ]Lµν . (48)
If there are no gravitational field then one can set Φ = 0
and we have the electromagnetic energy-momentum ten-
sor in Minkowski space time,
〈T (ED)µν 〉 =
k2EA2
2µ0
Lµν , (49)
with energy flux I (W/m2) in the z-direction given by,
I = c〈T (ED)00 〉, (50)
that we may choose the energy flux for CMB, given by
Stefan-Boltzmann law
I(CMB)0 = σT
4 = 3.15× 10−6W/m2, (51)
where σ is the Stefan-Boltzmann constant and T is the
temperature (T ≈ 2.73 K) of the photons of CMB. Thus,
we can denote electromagnetic energy-momentum tensor
(48) by,
〈T (ED)µν 〉 =
I(CMB)0
c
[coshΦ− cos(2ǫ) sinhΦ]Lµν . (52)
One can expand 〈T (ED)µν 〉 to the first order of Φ,
〈T (ED)µν 〉 ≈
I(CMB)0
c
[1− cos(2ǫ)Φ]Lµν . (53)
Observe that intensity of CMB radiation in an arbitrary
z axis should float in function of polarized parameter ǫ
of light field (33) and (47), and in function of amplitude
of gravitational field Φ.
It is straightforward to rewrite the gravitational field
equations (24), by noting that
Gµν = κ〈T (ED)µν 〉, (54)
if one substitute the Einstein tensor from expression (21)
and electromagnetic energy-momentum tensor from (52),
we have the below relation that states that an amount
of electromagnetic energy is the source of gravitational
wave,
ω2G
2c2
sinh2Φ Lµν = κ
I(CMB)0
c
[coshΦ− cos(2ǫ) sinhΦ]Lµν ,
(55)
and assuming that Φ≪ 1, the above equation results in
Φ2 =
8I(CMB)0
h
(
ℓP
fG
)2
, (56)
where h = 6.63×10−34 J· s is the Planck’ constant, ℓP =√
Gℏ/c3 = 1.62 × 10−35 m is Planck length and fG =
ωG
2pi is the frequency of gravitational wave in present-day
at temperature T = 2.73K in equilibrium with CMB
radiation. Hence one obtains
Φ =
√
8I(CMB)0
h
(
ℓP
fG
)
=
3.16× 10−21 s−1
fG
. (57)
The spectrum for amplitude Φ versus frequency is plotted
in below figure.
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FIG. 1: Plot of amplitude Φ of gravitational wave versus fre-
quency f given by expression (57), valid to present-day with
temperature T = 2.73K.
6This spectrum seems reasonable similar to the graphics
presented by [11, 12, 15, 16], for the frequency range from
10−15 Hz to 105 Hz.
Note that this approach has allowed us to recognize
that the expression (53) leads us to suggest a flux fluctu-
ation of the CMB radiation away from its value I(CMB)0 .
From equation (50) we have
I(CMB) = I(CMB)0 [1− cos(2ǫ)Φ]. (58)
In fact, as we know, the deviation from isotropy in the
CMB radiation are of about one part in 105, i.e. dif-
ferences in the temperature of the blackbody spectrum
measured in different direction in the sky, are of the or-
der of δT = 20µK on large scales [8, 31]. A temperature
fluctuation δT of the CMB radiation in (51) results in
I(CMB) = σ(T ± δT )4 ≈ σT 4
(
1± 4δT
T
)
, (59)
where it was retained terms only up to first order in δT ,
that reduces to
I(CMB) ≈ I(CMB)0 (1± 10−5). (60)
Now, we must compare the above expression with (58).
Observe that | cos(2ǫ)| ≤ 1. If we have an amplitude
of gravitational wave Φ ∼ 10−5, the frequency of this
wave is fG ∼ 10−15 Hz, and one has a flux fluctuation of
the CMB radiation to order of 10−5 given by (60). This
wave has a very large wavelength, λ ≈ 10 Mpc. Thus,
the effect of a long wavelength gravitational wave is to
shift the temperature distribution of the CMB radiation
on the celestial sphere away from perfect isotropy.
IV. CONCLUSION
There are indications of the presence of primordial
gravitational waves in the CMB anisotropies [11, 17] and
an easy way to approach it, may be one deals the energy
density of CMB radiation, though it is very small, as a
possible source for stochastic background of gravitational
waves of cosmological origin. The spectrum obtained (57)
in this work, seems acceptable compared with (3) from
[9], for example. The expression (3) leads us to the ampli-
tude gravitational wave of value ∼ 10−24 at a frequency
of 100 Hz. In the meantime, the expression (57) allows
us to calculate an amplitude gravitational wave of value
∼ 10−23 at the same frequency of 100 Hz, that is ac-
ceptable. The connection between the temperature fluc-
tuations of the CMB radiation and gravitational waves
arises through the Sachs Wolfe effect [4]. Sachs and Wolfe
showed how variations in the density of the cosmological
fluid and gravitational wave perturbations result in CMB
radiation temperature fluctuations. In accordance with
them, this work shows that a gravitational wave of large
wavelength (10 Mpc) shifts the temperature of CMB ra-
diation about of a part in 105.
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